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Abstract
By entangling soft massless particles one can create an arbitrarily large
amount of entanglement entropy that carries an arbitrarily small amount of
energy. Dropping this entropy into the black hole (b.h.) one can increase the
b.h. entropy by an amount that violates Bekenstein bound or any other rea-
sonable bound, leading to a version of b.h. information paradox that does not
involve Hawking radiation. Among many proposed solutions of the standard
b.h. information paradox with Hawking radiation, only a few can also resolve
this version without the Hawking radiation. The assumption that both versions
should be resolved in the same way significantly helps to reduce the space of
possible resolutions.
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1 Introduction
The prediction of Hawking radiation [1] leads to the black hole (b.h.) information
paradox [2]. There are many proposals for possible resolutions of the paradox, as
reviewed e.g. in [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17]. Additional insight
is needed to distinguish the proposals which are promising from those which are not.
The standard mechanism of Hawking radiation based on semiclassical approxi-
mation [1] is certainly not completely correct, so one might think that a key to the
resolution of the paradox is to better understand the mechanism of Hawking radiation
itself. In this paper, however, we find a new version of b.h. information paradox in
which Hawking radiation does not play any important role. This suggests that the
mechanism of Hawking radiation as such is not essential for the paradox resolution.
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Our basic idea is a simple thought experiment consisting of only two steps. In
the first step an entangled pair of low-energy photons is prepared, and in the second
step one member of the pair is dropped into the black hole. In this way one may
significantly increase the b.h. entropy without a significant increase of its mass. This
is a paradox, because it seems to violate all reasonable entropy bounds.
This new version of the information paradox is logically independent from the
standard one and may be interesting in its own. Nevertheless, our main motivation
for studying it is to shed some new light on the standard version of the paradox.
It turns out that most of the proposed solutions to the standard b.h. information
paradox do not help to solve the new version, suggesting that the new version of the
information paradox is even a harder problem than the standard one. However, we
turn this hardness into a virtue, by proposing that both versions of the paradox should
be solved in the same manner. In this way, only a few of the proposed resolutions to
the standard b.h. information paradox survive as promising approaches to solve both
problems at once.
In the rest of the paper we elaborate those ideas in more detail.
2 Entropy with (almost) no energy
Thermal entropy Sth is necessarily associated with energy through the thermodynamic
relation TdSth = dQ, where T is temperature and Q is heat. However, thermal
entropy is not the only kind of entropy. With a non-thermal entropy at hand, one
can, in principle, increase entropy of a system without increasing its energy.
The most interesting example is the entanglement entropy. Let |e, 1〉 and |e, 2〉
be two orthogonal quantum states with the same energy e. Taking them to be the
states of some massless field such as the electromagnetic field, the energy e can, in
principle, be arbitrarily small. In the simplest case |e, 1〉 and |e, 2〉 are one-particle
states, but in principle they can also be many-particle states. From such states one
can prepare an entangled state
1√
2
[|e, 1〉L|e, 2〉R + |e, 2〉L|e, 1〉R] (1)
where L and R denote two spatially separated subsystems, one positioned at the “left”
side of the laboratory and the other at the “right”. The subsystem on the left is a
mixed state described by the density matrix
ρL =
1
2
(|e, 1〉〈e, 1|)L + 1
2
(|e, 2〉〈e, 2|)L. (2)
This subsystem has energy e and the entanglement entropy S = ln 2. In principle, as
we said, e can be arbitrarily small. Hence it makes sense to consider the limit e→ 0,
which is a subsystem that carries entropy without carrying energy.
Note that the wave function of a massless particle with energy e is a wave packet
of the spatial width W >∼ e−1. (Unless stated otherwise, we work in units h¯ = c =
kB = GN = 1). This means that, in Minkowski spacetime, such a low-energy entropy
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cannot be packed into a small box. We shall see that it changes drastically when a
box in Minkowski spacetime is replaced by a black hole.
3 Dropping entropy into the black hole
Now suppose that the subsystem on the left is dropped into the black hole of initial
mass M . Initially, the subsystem on the left is far from the black hole and has a large
size W >∼ e−1. If e−1 is larger than the b.h. radius R = 2M , one might naively think
that the wave packet on the left cannot be inserted into the black hole. However,
as the wave packet approaches the b.h. horizon, it suffers the exponential blueshift.
From the point of view of the external observer far from the black hole, this means
that the wave packet shrinks by an exponential factor and becomes much smaller
than the b.h. radius R. Hence the black hole can absorb the subsystem on the left,
so the b.h. entropy and mass are increased by
δS = ln 2, δM = e. (3)
Now let us see how it can be used to violate the Bekenstein bound. To simplify
the analysis, we shall assume that the black hole does not have angular momentum
and electric charge, and that the states |e, 1〉 and |e, 2〉 have a zero total angular
momentum, J = L + S = 0. Then, according to the Bekenstein bound, the b.h.
entropy Sbh cannot be larger than the Bekenstein-Hawking entropy
SBH =
A
4
= 4piM2, (4)
where A = 4piR2 is the b.h. area. Taking the differential of (4) one gets dSBH =
8piMdM , which implies that the Bekenstein bound can be violated if
δS > 8piMδM. (5)
Using (3), this implies that the Bekenstein bound can be violated if
e <
ln 2
8pi
1
M
=
ln 2
8pi
mPl
M
mPl, (6)
where in the last equality we restored the units in which the Planck mass mPl =
G
−1/2
N
is not unit. No known physical law forbids preparation of quantum states with
energy satisfying (6). Indeed, for M which is small by astronomical standards (say,
M ∼ 109mPl), a state of photon(s) with energy e satisfying (6) can easily be prepared
and manipulated with current quantum-optics technologies.
Conceptually, such a violation of the Bekenstein bound is somewhat similar to
the Bekenstein-bound violation by the monster states studied in [18]. However, the
formation of monster states studied in [18] requires rather unrealistic initial condi-
tions. Our mechanism for Bekenstein-bound violation requires only an ordinary initial
black hole and some quite realistic manipulations of photons. For other mechanisms
of Bekenstein-bound violation see also [19] and references therein.
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For the sake of nit-picking, it may also be relevant to distinguish two different
interpretations of the Bekenstein bound. In one interpretation, a black hole should
always have the entropy equal to (4). So if, indeed, the initial b.h. entropy is equal
to (4), the Bekenstein bound will be violated by preparing only one entangled pair
(1) followed by the subsequent dropping. In another interpretation, the initial b.h.
entropy may be smaller than (4). In this interpretation one entangled pair (1) may not
be sufficient to violate the Bekenstein bound, but it does not make much difference
because one can prepare a large number N of independent entangled pairs of the form
(1), and then one can drop into the black hole the left member of each pair. In this
way the entropy and mass increase by δS = N ln 2 and δM = Ne, so the Bekenstein
bound can always be violated by a sufficiently large N . In both interpretations, the
only crucial condition for the Bekenstein-bound violation is Eq. (6).
If violation of the Bekenstein bound is not surprising enough, we point out that
in a similar way any other reasonable bound can be violated. For instance, if the
maximal b.h. entropy scales with “naive” volume 4piR3/3, or with the much larger
internal volume [20], one can always find a sufficiently small energy e that violates
that bound. In general, any reasonable entropy bound of the form
Sbh ≤ f(M) (7)
with f ′(M) ≡ df(M)/dM > 0 can be violated by choosing
e <
ln 2
f ′(M)
. (8)
Eq. (6) is nothing but a special case of the general condition (8).
4 Useless approaches
The conclusion that any reasonable entropy bound can be violated by dropping suf-
ficiently soft massless particles into the black hole is a paradox than needs to be
resolved. Can this paradox be resolved in the same way as the standard b.h. infor-
mation paradox with Hawking radiation? In the next section we shall discuss which
approaches to the standard information paradox may also be useful for the resolution
of our version of the paradox. In this section we shall first eliminate those approaches
that do not seem useful for our paradox.
1. No Hawking radiation. One logical possibility is that Hawking radiation does
not exist, perhaps due to some yet unknown quantum gravity effects. While
it obviously avoids the standard b.h. information paradox, it does not help
because our paradox does not depend on the existence of Hawking radiation.
2. New physics for small black holes. Proposals of that sort include Planck-sized
remnants [21], creation of a baby-universe [3] and sudden escape of information,
perhaps via tunneling into a white hole [22]. Presumably all such events happen
when the black hole becomes sufficiently small, which is useless for our purpose
because our version of the information paradox exists also for large black holes.
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3. Mild modifications of horizon physics. One possibility is that quantum fluctu-
ations at the horizon allow a slow leak of information [3]. Another possibility
is that prehawking radiation prevents creation of an apparent horizon [23, 24].
Since such scenarios involve rather slow processes (slow leaking or slow pre-
hawking radiation in the examples above), they are essentially useless because
their effect may easily be overpowered by dropping many copies of (3) at almost
the same time.
4. Radical modifications of horizon physics. It has been proposed that quantum
gravity effects make the b.h. horizon totally impenetrable, due to a fuzzball
[25], an energetic curtain [26] or a firewall [27] at R = 2M . How such an
impenetrable barrier could act in an attempt to drop (3) into the hole? If the
dropped particles would accumulate in a small region in front of the wall, that
would be useless because (8) would again violate any reasonable entropy bound
in that small region. Alternatively, if the dropping would result in a fast recoil
of the dropped particles so that the particles cannot accumulate near R = 2M ,
that would resolve our version of the b.h. information paradox. However, such
a recoil would be observed in astrophysical black holes such as the one in the
center of our galaxy, which is not what we observe. One might argue that we
don’t observe it yet because the firewall forms only after a very long time (Page
time [28]), but then we are back to the problem that fast dropping of entropy
can violate any reasonable entropy bound, much before the firewall forms.
5. Complementarity. Even though quantum cloning contradicts unitarity, accord-
ing to the b.h. complementarity principle [29] it is acceptable as long as no
single observer can see both copies. This means that one copy of (2) can be
destroyed in the black hole, while the other copy can remain outside of the black
hole. The outside copies must either be accumulated near R = 2M or recoiled,
leading to the same problems as with the firewall above.
6. Decoherence and many worlds. Radiation of a single Hawking particle is a
random quantum event. The particle energy can take any value from a large
range of possible values. Unitarity, combined with decoherence induced by the
macroscopic environment, implies that the total wave function of the universe
contains all the branches corresponding to the all possible energies of Hawking
particles. While it may help to resolve the standard b.h. information para-
dox [30, 31, 32, 33, 34, 35, 36], here it is useless because the states |e, 1〉 and
|e, 2〉 in (2) have the same energy and can be chosen to be indistinguishable at
the macroscopic level. This means that the macroscopic environment cannot
distinguish |e, 1〉 from |e, 2〉 and therefore cannot create different branches.
7. Soft hair. It has been argued that black hole has infinitely many soft super-
translation hair, so that Hawking radiation can be entangled with that hair
[37]. This can help to resolve the standard b.h. information paradox, but here
it is useless because it does not influence our mechanism for violation of entropy
bounds before the evaporation.
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5 Potentially useful approaches
Now let us discuss those approaches to the standard b.h. information paradox that
can also resolve our version of the paradox.
1. Information destroyed in the singularity. If, as originally proposed by Hawking
[2], any excess of information induced by Hawking radiation is destroyed in
the b.h. singularity, then so is the any excess of information dropped into the
black hole by our mechanism. In this sense, information destruction in the
singularity is probably the simplest resolution of our version of the paradox. It
has been argued that such a non-unitary evolution violates energy-momentum
conservation or locality [38], but a more careful analysis reveals that it is not
the case for systems with a large number of degrees of freedom [39]. Moreover,
by treating time as a local quantum observable, such information destruction
can be reinterpreted as a unitary process in disguise [40, 41, 42, 43, 44].
2. ER=EPR. According to the ER=EPR conjecture [45], the left and right subsys-
tems in (1) are connected by a wormhole. Therefore, instead of being destroyed
in the singularity at r = 0, the left subsystem can escape from the black hole
through the wormhole. Such an escape that bypasses the horizon resolves our
version of the b.h. information paradox, but at the moment this scenario seems
too speculative to provide much more details.
3. Gravitational crystal. By analogy with condensed-matter physics, it has been
proposed that general relativity is merely a macroscopic description of a fluid
phase of some unknown fundamental degrees of freedom [46]. Those fundamen-
tal degrees can also exist in the crystal phase that does not obey the laws of
general relativity. Instead of being destroyed in the singularity at r = 0, any
excess of information in the black hole gets absorbed by a crystal core formed
around the center at r = 0. The entropy of the core scales with its volume
Vcore, so, instead of (7), the relevant entropy bound is Score ≤ αVcore with
α ∼ 1. Consequently, the core continuously grows as new information arrives
[46]. In this way, since general relativity is not valid in the crystal phase, the
core can penetrate the horizon from the inside and become even larger than
R = 2M .
6 Discussion and conclusion
By dropping entanglement entropy of low-energy massless particles into the black hole
one can easily violate any reasonable entropy bound of the form (7), which constitutes
a new version of the b.h. information paradox. Unlike the standard version of the
paradox [2], the new version does not depend on the existence of Hawking radiation.
We have argued that most of the known proposals for the resolution of the standard
version of the paradox are not useful for a resolution of this new version. The only
proposals for the standard version of the paradox that we found useful for the new
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version are the information destruction [2], ER=EPR [45] and the gravitational crystal
[46]. However, it does not necessarily imply that all other proposals should be rejected.
Perhaps some of the eliminated resolutions can still be useful in some refined form,
or perhaps the new version of the paradox should be resolved by ideas that do not
depend on the resolution of the standard version. In any case, we believe that our new
version of the paradox offers a new insight that may stimulate further fundamental
research on the b.h. information paradox.
Acknowledgements
This work was supported by H2020 Twinning project No. 692194, “RBI-T-WINNING”.
References
[1] S. Hawking, Commun. Math. Phys. 43, 199 (1975).
[2] S. Hawking, Phys. Rev. D 14, 2460 (1976).
[3] S.B. Giddings, Phys. Rev. D 46, 1347 (1992); hep-th/9203059.
[4] J.A. Harvey, A. Strominger, hep-th/9209055.
[5] J. Preskill, hep-th/9209058.
[6] D.N. Page, hep-th/9305040.
[7] S.B. Giddings, hep-th/9412138.
[8] A. Strominger, hep-th/9501071.
[9] S.D. Mathur, Lect. Notes Phys. 769, 3 (2009); arXiv:0803.2030.
[10] S.D. Mathur, Class. Quant. Grav. 26, 224001 (2009); arXiv:0909.1038.
[11] S. Hossenfelder, L. Smolin, Phys. Rev. D 81, 064009 (2010); arXiv:0901.3156.
[12] F.S. Du¨ndar, arXiv:1409.0474.
[13] D. Harlow, Rev. Mod. Phys. 88, 15002 (2016); arXiv:1409.1231.
[14] J. Polchinski, arXiv:1609.04036.
[15] S. Chakraborty, K. Lochan, Universe 3, 55 (2017); arXiv:1702.07487.
[16] D. Marolf, Rept. Prog. Phys. 80, 092001 (2017); arXiv:1703.02143.
[17] A. Fabbri, J. Navarro-Salas, Modeling Black Hole Evaporation (Imperial College
Press, London, 2005).
7
[18] S.D.H. Hsu, D. Reeb, Phys. Lett. B 658, 244 (2008); arXiv:0706.3239.
[19] D.N. Page, arXiv:1804.10623.
[20] M. Christodolou, C. Rovelli, Phys. Rev. D 91, 064046 (2015); arXiv:1411.2854.
[21] P. Chen, Y.C. Ong, D-h. Yeom, Phys. Rep. 603, 1 (2015); arXiv:1412.8366.
[22] E. Bianchi, M. Christodoulou, F. D’Ambrosio, H.M. Haggard, C. Rovelli,
arXiv:1802.04264.
[23] H. Kawai, Y. Yokokura, Phys. Rev. D 93, 044011 (2016); arXiv:1509.08472.
[24] V. Baccetti, R.B. Mann, D.R. Terno, Int. J. Mod. Phys. D 26, 743008 (2017);
arXiv:1706.01180.
[25] S.D. Mathur, Fortsch. Phys. 53, 793 (2005); hep-th/0502050.
[26] S.L. Braunstein, S. Pirandola, K. Zyczkowski, Phys. Rev. Lett. 110, 101301
(2013); arXiv:0907.1190.
[27] A. Almheiri, D. Marolf, J. Polchinski, J. Sully, JHEP 1302, 062 (2013);
arXiv:1207.3123.
[28] A. Almheiri, D. Marolf, J. Polchinski, D. Stanford, J. Sully, JHEP 1309, 018
(2013); arXiv:1304.6483.
[29] L. Susskind, L. Thorlacius, J. Uglum, Phys. Rev. D 48, 3743 (1993);
hep-th/9306069.
[30] C. Kiefer, Class. Quant. Grav. 18, L151 (2001); gr-qc/0110070.
[31] H.D. Zeh, Phys. Lett. A 347, 1 (2005); gr-qc/0507051.
[32] H. Nikolic´, Eur. Phys. J. C 54, 319 (2008); arXiv:0708.0729.
[33] Y. Nomura, J. Varela, S.J. Weinberg, JHEP 1303, 059 (2013); arXiv:1207.6626.
[34] S.D.H. Hsu, arXiv:1302.0451.
[35] T.J. Hollowood, Int. J. Mod. Phys. D 23, 1441004 (2014); arXiv:1403.5947.
[36] N. Bao, S.M. Carroll, A. Chatwin-Davies, J. Pollack, G.N. Remmen,
arXiv:1712.04955.
[37] S.W. Hawking, M.J. Perry, A. Strominger, Phys. Rev. Lett. 116, 231301 (2016);
arXiv:1601.00921.
[38] T. Banks, L. Susskind, M.E. Peskin, Nucl. Phys. B 244, 125 (1984).
[39] H. Nikolic´, JCAP 04, 002 (2015); arXiv:1502.04324.
8
[40] J.B. Hartle, Phys. Rev. D 51, 1800 (1995); gr-qc/9409005.
[41] J.B. Hartle, gr-qc/9705022.
[42] H. Nikolic´, Phys. Lett. B 678, 218 (2009); arXiv:0905.0538.
[43] H. Nikolic´, Int. J. Quantum Inf. 10, 1250024 (2012); arXiv:0912.1938.
[44] H. Nikolic´, Int. J. Quantum Inf. 12, 1560001 (2014); arXiv:1407.8058.
[45] J. Maldacena, L. Susskind, Fortsch. Phys. 61, 781 (2013); arXiv:1306.0533.
[46] H. Nikolic´, Mod. Phys. Lett. A 30, 1550201 (2015); arXiv:1505.04088.
9
